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I. INTRODUCTION

Algebraic multigrid (AMG) is an iterative method often
used to solve PDEs arising in various fields of science and
engineering. The method is optimal, requiring only O(n) work
to solve a system of n unknowns. Parallel implementations of
AMG, however, lack scalability. As problem size increases,
parallel AMG suffers from increasingly dense communication
patterns, yielding network contention and reduced efficiency.

A. Parallel Algebraic Multigrid (AMG)

AMG consists of two phases: the setup phase, in which the
hierarchy is constructed, and the iterative solve phase. When
constructing some level [ of the hierarchy, an interpolation
matrix P, is formed, associating strong relationships between
the coarse and fine points. The coarse grid operator is then
formed using the Galerkin product, A;4; = PlTAlPl. This
triple matrix produce yields fill-in on the coarse grid, which
is then amplified throughout the hierarchy.

The linear system Az = b is then solved using two main
methods. Initially, the high-frequency error in x is relaxed
through a few iterations of a smoother. The resulting residual
is then restricted to a coarser grid, transforming the remaining
error back to high-energy. This process is repeated on succes-
sively coarser grids until the resulting problem is small enough
to solve directly. This error is then interpolated up the hierarchy
to the fine grid where it is added to the previous z. The
entire process is repeated until convergence. This solve phase,
which consists of relaxation, restriction, and interpolation, is
composed mainly of sparse matrix-vector multiplies (SpMVs).

When computing a parallel SpMV, Az, the operator is
distributed across all active processors such that each contains
a contiguous portion of the rows of A, as well as the equivalent
rows of z. The local portion of A can be split into two
blocks, as shown in Figure 1. The diagonal block contains
columns of A that correspond to local x-values, while the off-
diagonal block entries correspond to solution values stored on
distant processors. The amount of communication required for
a SpMV, and hence that required in each iteration of AMG, is
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Fig. 1.  The local portion of a matrix is split into a diagonal block,
containing entries associated with local solution values, and off-diagonal
blocks ,corresponding to distant solution values.

Level Times for Classical Parallel AMG, 10,000 DOF/core
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Fig. 2. Time spent on each level when solving a Poisson problem on Sierra,
256 nodes,

directly related to the number of non-zeros in the off-diagonal
block of A.

The fill resulting from the triple-matrix Galerkin product
yields increasingly dense operators on successively coarser lev-
els of the AMG hierarchy. Hence, the coarse levels have large
communication requirements, increasing the time required to
perform a SpMV. In some cases, relaxation on coarse levels
near the middle of the hierarchy can take longer than on the
original fine level, as shown in Figure 2

II. REDUCING NETWORK CONTENTION

Large amounts of communication create network con-
tention, which yields an increase in the cost associated with
communication. Network contention occurs when a message
needs to travel through a link that is already occupied with a
separate message. The contention for a given network is influ-
enced by the number of messages, the size of these messages,
and the distance these messages must travel. To reduce network
contention, any combination of these contributing factors can
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Fig. 3.  Convergence of Galerkin AMG, a non-Galerkin method where
significant entries have been removed, and a 'Fixed’ non-Galerkin method
where removed entries have been reintroduced to the matrix

be improved upon.

A. Non-Galerkin Coarse Grids

The total amount of communication can be reduced by
removing fill from the coarse grid operators. The method of
non-Galerkin coarse grids uses the Galerkin product to form
coarse grids, and then filters the operator, removing relatively
small entries [2]. Removing coarse-grid fill while maintaining a
minimal sparsity pattern can significantly reduce the amount of
communication required with little effect on convergence. The
insignificant entries in a matrix vary with problem type. While
it is possible to predict the communication cost associated
with a given entry, it is not easy to determine its effect on
convergence rate. During the solve phase, convergence can
be improved upon by re-introducing entries into the matrix.
However, removing an entry via non-Galerkin affects the
sparsity of all successive coarse grids. So, adding entries back
to a matrix does not guarantee an improvement in convergence.
Figure 3 shows that if significant entries are removed from a
coarse level, ’fixing’ the method by reintroducing these entries
does not necessarily improve convergence.

B. Alternative Non-Galerkin Methods

An alternative to non-Galerkin is to form the entire
Galerkin hierarchy and then sparsity coarse grids via the
method of non-Galerkin coarse grids. Since no coarse grids
are dependent on the sparsified operators, re-introducing en-
tries into the matrix guarantees to improve convergence. This
approach, which safer, is potentially slower, as fewer entries
can possibly be removed from coarse levels. There are two
alternative approaches: sparse Galerkin, which uses the previ-
ous Galerkin level in the minimal sparsity pattern, and hybrid
Galerkin, which uses the previously sparsified level in the
minimal sparsity pattern. Figure 4 shows that, for a Poisson
problem, the alternative approaches remove nearly as much
communication as the original non-Galerkin approach. Further
communication can be removed by relaxing the non-Galerkin
requirements, such as the minimal sparsity pattern, because
coarser grids no longer rely on the sparsified finer grid.

C. Topology-Aware Methods

Topology-aware methods can calculate the number of hops
between any two processors [1]. This hop count can be
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Fig. 4. The number of messages and size of these messages for solving
a Poisson problem with 256 nodes, 10,000 dof/core via the alternative non-
Galerkin approaches

used to estimate the communication cost associated with a
given entry. Topology-aware methods can be applied to the
alternative non-Galerkin approaches to target entries with high
communication costs. Removing only messages with a large
number of hops can reduce network contention nearly as much
as removing all entries, as shown in Figure 5. These methods
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Fig. 5. Link occupancy (number of packets sent X distance they are sent)
when alternative non-Galerkin is run on all entries greater than distance
tolerance away

can also be used to remove a larger number of entries than
originally removed in the non-Galerkin approaches. The drop
tolerance can be increased on only long-distance messages,
and elements in the minimal sparsity pattern can be removed
if their associated communication costs are high. Furthermore,
significant entries with large communication costs can be
updated asynchronously with little affect on convergence.
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